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Abstract
We study an inhomogeneous decay of an unstable D-brane in the context of
Dirac-Born-Infeld (DBI)-type effective action. We consider tachyon and electro-
magnetic fields with dependence of time and one spatial coordinate, and an exact
solution is found under an exponentially decreasing tachyon potential, e−|T |/
√
2,
which is valid for the description of the late time behavior of an unstable D-brane.
Though the obtained solution contains both time and spatial dependence, the corre-
sponding momentum density vanishes over the entire spacetime region. The solution
is governed by two parameters. One adjusts the distribution of energy density in
the inhomogeneous direction, and the other interpolates between the homogeneous
rolling tachyon and static configuration. As time evolves, the energy of the unstable
D-brane is converted into the electric flux and tachyon matter.
1
1 Introduction
Time dependent process in string theory has been intensely studied in recent years. As-
suming that an unstable D-brane decays homogeneously, the whole decay processes, in
the vanishing string coupling limit gs → 0, can be described by the marginally deformed
boundary conformal field theory (BCFT) [1]. The main results of this time dependent
solution, referred as rolling tachyon, indicate that, according to time evolution, the energy
density remains constant but the pressure goes to zero asymptotically.
On the other hand, spatial inhomogeneity has been another important issue. In partic-
ular, much works has been studied on tachyon solitons, such as tachyon kinks [2, 3, 4, 5, 6]
and vortices [2, 7]. These solitons are interpreted as the lower dimensional D-branes on
the worldvolume of the original unstable system. Thus in order to see the dynamical
formation of the lower dimensional D-branes, it is indispensable to take into account the
spatial inhomogeneity in the decay process of an unstable system.
The rolling of tachyon, which is inhomogeneous along one spatial direction, was con-
sidered in BCFT [8, 9, 10]. The late time behavior of the resulting energy-momentum
tensor is qualitatively different from the case of the homogeneous rolling tachyon. The
relevant components of the energy-momentum tensor exhibit singularities at spatially pe-
riodic locations within a finite critical time. These spatial singularities were interpreted as
the codimension-one D-branes [8, 9, 10]. This subject was also considered in the bound-
ary string field theory [11] or the DBI-type effective field theory [12, 13, 14, 15, 16, 17,
18, 19, 20, 21]. The Ref. [12] showed that the inhomogeneous solutions with a runaway
tachyon potential formed caustics with multi-valued regions beyond a finite critical time,
and proposed that in the presence of caustics, the higher derivatives of the tachyon field
blow up. For this reason the DBI-type effective action is not reliable after the formation
of caustics, since it was proposed as an effective action for the tachyon field in string
theory where the higher derivatives of the tachyon field are truncated [22].
Another interesting aspect in the decay process is the dynamics at the bottom of
the tachyon potential. This process has two kinds of decay products, which carry the
effective degrees of freedom of the original unstable D-brane, such as energy-momentum
and fundamental string charge [23]. They are called tachyon matter [1, 24] and string
fluid [25]. In the tachyon vacuum, the dynamics of the system is characterized as the two
degrees of freedom [26, 16, 27]. The main purpose of this paper is to explore the formation
of these final states in terms of the inhomogeneous tachyon and electromagnetic fields at
late time.
Let us consider the DBI-type tachyon effective action with gauge field interactions [22]
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described by
S =
∫
dp+1xL = −Tp
∫
dp+1xV (T )
√−X, (1.1)
with
X ≡ detXµν = det(ηµν + ∂µT∂νT + Fµν), (1.2)
Fµν = ∂µAν − ∂νAµ, (µ, ν = 0, 1, · · · , p),
where Aµ is an U(1) gauge field, V (T ) is a runaway tachyon potential, and Tp the tension
of an unstable Dp-brane. This action (1.1) is expected to provide a good description of an
unstable D-brane in the case that the tachyon field T is large, and the higher derivatives
of T are small. As we have seen in the rolling tachyon solution [1], the tachyon field T
goes to infinity at late time of the D-brane decay process. Thus DBI-type effective action
describes well the late time behaviors of the process. However, once we take into account
the inhomogeneity of the tachyon field without gauge field interactions, as mentioned
before, DBI-type effective action becomes inadequate in a finite critical time in describing
the dynamics of an unstable D-brane [12, 13, 14, 15, 17, 18, 20]. Though we include the
constant electromagnetic fields, the singularity we encounter seems unavoidable [10].
In this paper, we suggest that the roles of the spacetime dependent electromagnetic
fields are nontrivial on unstable D-brane system. We assume that the tachyon and elec-
tromagnetic fields depend on time and one spatial coordinate under an exponentially
decreasing tachyon potential, e−|T |/
√
2. We find an exact solution in a frame which gives
vanishing momentum density provided by an appropriate electromagnetic fields. The so-
lution represents periodic profile along the spatial direction and it involves the interesting
and inaccessible regions alternatively. In the interesting regions, the solution has no sin-
gularities in time direction, and describes the late time behaviors of an unstable D-brane
decay.
In section 2, we describe the calculation of the exact solution for the tachyon and
electromagnetic fields. In section 3, we analyze the late time behaviors of an unstable
D-brane. Section 4 is devoted to conclusion.
2 An Exact Inhomogeneous Solution
Our purpose in this work is to understand the late time behaviors of the inhomogeneous
tachyon condensation in terms of an exact solution. We take a specific frame which gives
the vanishing momentum density over all space-time.
3
Equations of motion of the tachyon T and gauge field Aµ in the action (1.1) are written
as
∂µ (γ C
µν
S ∂νT ) + Tp
√−X dV
dT
= 0, (2.3)
∂µ (γ C
µν
A ) = 0, (µ, ν = 0, 1, 2, · · ·p), (2.4)
where CµνS and C
µν
A are the symmetric and anti-symmetric parts of the cofactor C
µν of
the matrix (X)µν in Eq. (1.2), and we define
γ ≡ TpV√−X . (2.5)
Conservation of energy-momentum is described by
∂µT
µν = ∂µ (γ C
µν
S ) = 0, (2.6)
where T µν is the energy-momentum tensor. Hamiltonian density H is expressed as
H = ΠT T˙ +ΠiA˙i − L
=
√
ΠiΠi +Π2T + PiPi + (Π
i∂iT )2 + T 2p V 2 det(h)−A0∂iΠi, (2.7)
where T˙ ≡ ∂0T , hij = δij + ∂iT∂jT + Fij, (i, j = 1, 2, · · ·p), the conjugate momenta,
ΠT and Π
i, for the tachyon T and gauge field Ai respectively, and the conserved linear
momentum, Pi, associated with the translation symmetry are
Πi ≡ δS
δA˙i
= γCtiA ,
ΠT ≡ δS
δT˙
= γCtµS ∂µT,
Pi = Π
jFji − ΠT∂iT. (2.8)
From now on, let us introduce an exponentially decreasing tachyon potential,
V (T ) = V0 e
−T/R, (2.9)
where V0 and R are arbitrary constants. We consider an ansatz for fields which live on
the worldvolume of the unstable Dp-brane,
T = T (x0, x1), E ≡ F02(x0, x1), B ≡ F12(x0, x1), (2.10)
and, for simplicity, turn off all other components of the gauge fields.
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Then the only non-vanishing linear momentum in Eq. (2.8) is
P1 = −γ
(
T˙ T ′ + EB
)
, (2.11)
where T ′ = ∂1T . Here, we choose the zero-momentum frame due to cancelation of the
effects of tachyon and electromagnetic fields,
EB = −T˙ T ′. (2.12)
Additionally the determinant X in Eq. (1.2) under condition (2.12) is factored as
−X = (1 + T ′2 +B2)(1− T˙ 2 − E2). (2.13)
Conservation of energy-momentum, ∂µT
µν = 0, under the condition (2.12) leads to an
observation that the energy density T 00 has only spatial dependence and T 11 time depen-
dence, i.e.,
T 00 = T 00(x) = TpV
√
1 + T ′2 +B2
1− T˙ 2 −E2 , (2.14)
T 11 = T 11(t) = −TpV
√
1− T˙ 2 − E2
1 + T ′2 +B2
, (2.15)
where we used the notations, t = x0 and x = x1. The Eqs. (2.14) and (2.15) are rewritten
by
TpV (T ) = f(t)g(x), (2.16)
1− T˙ 2 − E2
1 + T ′2 +B2
=
(
f(t)
g(x)
)2
, (2.17)
where
f(t) ≡
√
−T 11(t), g(x) ≡
√
T 00(x). (2.18)
Under the tachyon potential (2.9), the equation of motion for the tachyon field (2.3) is
simplified as
T¨
1− T˙ 2 − E2 −
T ′′
1 + T ′2 +B2
− 1
R
= 0. (2.19)
Using the Eqs. (2.16), (2.17), and (2.19), we arrive at the following important results,
E = E(t), B = B(x). (2.20)
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The derivation of this equation is rather technical and therefore is recorded in Appendix.
The factorization (2.16) implies
T˙ (t) = −Rf˙(t)
f(t)
, T ′(x) = −Rg
′(x)
g(x)
. (2.21)
From the relations (2.12), (2.20), and (2.21) we get
E(t) = αT˙ = −αRf˙
f
,
B(x) = − 1
α
T ′ =
Rg′
αg
, (2.22)
where α is an arbitrary constant. Inserting the expressions (2.21) and (2.22) into the
Eq. (2.17), we obtain the first-order differential equations for f(t) and g(x),
f˙ 2 − f
2
R2(1 + α2)
+
f 4
ξR2(1 + α2)
= 0, (2.23)
g′2 +
α2g2
R2(1 + α2)
− α
2g4
ξR2(1 + α2)
= 0, (2.24)
where ξ is a positive constant. Solutions for the equations (2.23) – (2.24) are given by
f(t) = ±
√
ξ sech
(
t− c1
R
√
1 + α2
)
, (2.25)
g(x) = ±
√
ξ sec
(
α(x− c2)
R
√
1 + α2
)
, (2.26)
where c1 and c2 are integration constants, which represent the translation symmetries
along time and spatial directions respectively. Of course, the expressions (2.23) – (2.26)
satisfy the 2-component of the gauge equation (2.4),
g2E˙ = f 2B′. (2.27)
Substituting the solution (2.25) into the Eq. (2.5), we find
γ =
TpV√−X =
TpV√
(1 + T ′2 +B2)(1− T˙ 2 −E2)
= ξ.
Finally we obtain an exact solution for the tachyon field by inserting the expression (2.25)
into (2.16),
T (t, x) = R ln
[TpV0
γ
cosh
(
t− c1
R
√
1 + α2
) ∣∣∣∣cos
(
α(x− c2)
R
√
1 + α2
)∣∣∣∣
]
. (2.28)
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This solution is characterized by two parameters, γ and α. We will investigate the roles
of these parameters in section 3. At first glance this result seems to be unnatural since
T (t, x) has the periodic divergencies in the limit
∣∣∣cos( α(x−c2)
R
√
1+α2
)∣∣∣→ 0 due to the property
of cosine function. Actually in the spatially periodic regions at the initial time t = 0
which satisfy ∣∣∣∣cos
(
α(x− c2)
R
√
1 + α2
)∣∣∣∣ < (γ/TpV0)
cosh
(
c1
R
√
1+α2
) < 1, (2.29)
the corresponding tachyon field T (t = 0, x) is negative. In these regions the DBI-type
effective action does not provide a good description for the dynamics of an unstable D-
brane as we explained in the section 1. In order to describe the late time behaviors of the
decay process of an unstable D-brane, we restrict our interest to the spatially periodic
regions which correspond to the large positive value of tachyon field. We will describe the
details in the next section.
3 Late Time Behaviors of the Decay Process
It was observed in the previous section that there is an exact solution (2.28) for the
exponentially decreasing tachyon potential in momentum zero frame. Our purpose in
this section is to analyze the solution (2.28) in superstring theory. Since a total charge is
conserved (we will mention later in detail at subsection 3.3) and the tachyon potential has
Z2-symmetry under T → −T , and runaway property V (±∞) = 0, we employ a tachyon
potential composed of two parts,
V (T ) = V0 e
− |T |√
2 =
{
V0 e
− T√
2 T > 0 (I)
V0 e
T√
2 T < 0 (II)
. (3.30)
Tachyon profile is read from the Eq. (2.28) in the regions (I) and (II) by choosing the
appropriate integration constants, c1 and c2,
T (t, x) =


√
2 ln
[
TpV0
γ
cosh
(
t+t0√
2
√
1+α2
)
cos
(
αxI√
2
√
1+α2
− pi
2
)]
, (I)
−√2 ln
[
TpV0
γ
cosh
(
t+t0√
2
√
1+α2
)
cos
(
αxII√
2
√
1+α2
+ pi
2
)]
, (II)
, (3.31)
where xI(xII) represents the spatial coordinate belonging to the region (I)((II)), t0 is some
large value introduced to figure out the late time behaviors of the inhomogeneous fields.
The ranges of xI and xII are given by
x−4m+1 ≤ xI ≤ x+4m+1,
x˜−4m+1 ≤ xII ≤ x˜+4m+1, (m = integer). (3.32)
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where x±4m+1 and x˜
±
4m+1 denote
x±4m+1 =
√
2
√
1 + α2
α
[
± cos−1
(
γ
TpV0
)
+
(4m+ 1)pi
2
]
,
x˜±4m+1 =
√
2
√
1 + α2
α
[
± cos−1
(
γ
TpV0
)
− (4m+ 1)pi
2
]
, (0 ≤ γ ≤ TpV0). (3.33)
There are periodic regions, where the decay process of the unstable D-brane is not de-
scribed well by the solution (3.31), referred as inaccessible regions,
x˜+4m+1 < xinaccessible < x
−
4m+1, and x
−
4m+1 < xinaccessible < x˜
+
4m+5. (3.34)
To illustrate the solution (3.31) graphically, we draw two figures for the tachyon po-
tential V (T ) and tachyon field T (t, x) in Fig.1. The arrows in Fig.1 (b) represent growing
tachyon field as time elapses. The corresponding tachyon fields spans the ranges at initial
time t = 0,
T0 ≤ TI(t, x) ≤ Tmax, −Tmax ≤ TII(t, x) ≤ −T0, (3.35)
where
T0 =
√
2 ln cosh
(
t0√
2
√
1 + α2
)
,
Tmax =
√
2 ln
[TpV0
γ
cosh
(
t0√
2
√
1 + α2
)]
.
Electromagnetic fields in Eq. (2.22) take the functional forms
E(t) = αT˙ (t) =


α√
1+α2
tanh
(
t+t0√
2
√
1+α2
)
, (I)
− α√
1+α2
tanh
(
t+t0√
2
√
1+α2
)
, (II)
, (3.36)
B(x) = − 1
α
T ′(x) =


1√
1+α2
tan
(
αxI√
2
√
1+α2
− pi
2
)
, (I)
− 1√
1+α2
tan
(
αxII√
2
√
1+α2
+ pi
2
)
, (II)
. (3.37)
The configuration for the tachyon field (3.31) represents the time evolution of the spatially
periodic profiles governed by two parameters, γ and α. γ adjusts the distribution of the
energy density, while α is the scaling parameter of time and controls the period. We
investigate the roles of the parameter α.
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TT(x,t)
x
T0
-T0
Figure 1: (a) Shape of V (T ) = e
−|T |√
2 for |T | ≥ T0. (b) Profiles of tachyon field T (x, t).
Shaded regions represent the inaccessible regions.
3.1 α→ 0 case : Homogeneous rolling tachyon
When α goes to zero, the period of tachyon profile approaches infinity. Thus the corre-
sponding solution in Eq. (3.31) describes the homogeneous rolling tachyon, i.e., the spatial
inhomogeneity is neglected. In the region (I) for m = 0 in Eq. (3.32), the Eqs. (3.31),
(3.36), and (3.37) are given by
T (t, x) =
√
2 ln
[TpV0
γ
cosh
(
t+ t0√
2
)
cos
(
αxI√
2
)]
,
B(x) = tan
(
αxI√
2
)
,
T˙ (t) = tanh
(
t+ t0√
2
)
,
T ′(x) = E(t) = 0 (3.38)
with
−
√
2 cos−1
(TpV0
γ
)
≤ αxI ≤
√
2 cos−1
(TpV0
γ
)
.
This analysis is also applicable to the case of the region (II). It is well-known that when
the tachyon and electromagnetic fields in the DBI-type effective action (1.1) depend on
only one spacetime coordinate, the results of equations of motion for the given system
show that all the electromagnetic fields are constants [5, 28]. In this limit, the period
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of magnetic field B(x) reaches to infinity but its amplitude remains finite. Therefore
the results in Eqs. (3.38) represent a homogeneous rolling tachyon with almost constant
magnetic field and constant energy density T 00 = T 2p V 20 /γ.
The pressure and tachyon matter density are
T 11(t) = T 22 = −γ sech2
(
t+ t0√
2
√
1 + α2
)
,
ΠT (t, x) =
T 2p
γ
tanh
(
t+ t0√
2
)
. (3.39)
In the limit of t → ∞, we obtain the pressureless matter with constant energy density
and tachyon matter density [24].
3.2 α→∞ case : Static configurations
On the other hand, when α goes to infinity, x±4m+1 and x˜
±
4m+1 reach to fixed finite values,
x±4m+1 =
√
2
[
± cos−1
(
γ
TpV0
)
+
(4m+ 1)pi
2
]
,
x˜±4m+1 =
√
2
[
± cos−1
(
γ
TpV0
)
− (4m+ 1)pi
2
]
. (3.40)
From the Eq. (3.31) we can easily check that the time dependence disappears and the
configuration of tachyon becomes a static solution in this limit. The expressions of the
Eqs. (3.31), (3.36), and (3.37) at finite time t << α in the region (I) are given by
T (t, x) = ln
[TpV0
γ
cos
(
xI√
2
− pi
2
)]
,
T ′(x) = − tan
(
xI√
2
− pi
2
)
,
E(t) = T˙ (t) = B(x) = 0, (3.41)
where γ adjusts the distribution of energy density for the given static configuration. In
the limit γ → 0, most of energy is localized at x±4m+1. The energy stored in half period of
one cycle in the limit is obtained by(∫ x˜+
1
−x0
dx+
∫ x0
x−
1
dx
)
T 00(x)|γ→0 = 2
√
2 TpV0, (3.42)
where x0 =
√
1 + α2pi/
√
2α. Since our exact solution is valid only for large T , the decent
relation (3.42) is approximately correct.
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As we have worked in the above subsections 3.1 and 3.2, α is the only parameter
which governs the time scale and period along spatial direction for a given γ in the
solution (3.31). Thus α is an interpolating parameter between the homogeneous rolling
tachyon (α = 0) and the static configuration (α→∞).
3.3 Late time behaviors
As time elapses, the tachyon profiles (3.31) in the regions (I) and (II) grow up along
the arrows in Fig.1 (b). In the interesting regions (3.32), all physical quantities can be
expressed explicitly, and the unstable system evolves without singularity in our system.
Non-vanishing components of energy-momentum tensor are given by
T 00(x) =


γ sec2
(
αxI√
2
√
1+α2
− pi
2
)
, (I)
γ sec2
(
αxII√
2
√
1+α2
+ pi
2
)
, (II)
, (3.43)
T 11(t) = −γ sech2
(
t+ t0√
2
√
1 + α2
)
for (I) and (II), (3.44)
T 22(t, x) =


−γ
[
1− 1
1+α2
tanh2
(
t+t0√
2
√
1+α2
)
+ α
2
1+α2
tan2
(
αxI√
2
√
1+α2
− pi
2
)]
, (I)
−γ
[
1− 1
1+α2
tanh2
(
t+t0√
2
√
1+α2
)
+ α
2
1+α2
tan2
(
αxII√
2
√
1+α2
+ pi
2
)]
, (II)
.
(3.45)
Since the momentum density flow is zero in the interesting regions of the solution (3.32),
the initial energy density distribution is not changed in time direction. As time goes to
infinity, pressure along the inhomogeneous direction, x, goes to zero exponentially [24].
T 22 component depends on t and x-coordinates for finite α. However, in α → 0 limit
(homogeneous rolling tachyon limit), T 22 and T 11 share with the same behavior in time
direction.
The solution (3.31) also provides the expression for the electric flux density which
satisfies Gauss constraint ∂iΠ
i = 0 and the gauge equation (2.27),
Π2 = αΠT =


αγ√
1+α2
tanh
(
t+t0√
2
√
1+α2
)
sec2
(
αxI√
2
√
1+α2
− pi
2
)
, (I)
− αγ√
1+α2
tanh
(
t+t0√
2
√
1+α2
)
sec2
(
αxII√
2
√
1+α2
+ pi
2
)
, (II)
. (3.46)
This expression denotes that absolute values of the electric flux and tachyon matter den-
sities increase in the D-brane decay process. However, total string charge accumulated in
the interesting regions is conserved in one period ;(∫ x˜+
4m+1
x˜−
4m+1
dx+
∫ x+
4m+1
x−
4m+1
dx
)
Π2(t, x) = 0. (3.47)
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Combining the Eqs. (3.36), (3.43), and (3.46), we obtain the following two relations,
1− T˙ 2 − E2 = sech2
(
t + t0√
2
√
1 + α2
)
, (3.48)
Π22 +Π
2
T = H2 tanh2
(
t+ t0√
2
√
1 + α2
)
, (3.49)
where the Hamiltonian density H is given by
H =
√
Π22 +Π
2
T + T 2p V 2(1 + T ′2 +B2) = T 00(x). (3.50)
Since there is no singularity in interesting regions in time direction, the obtained
solution describes safely the decay processes near the tachyon vacuum (V → 0) in t→∞
limit. As time goes to infinity, the time dependent electric fields in the regions (I) and
(II) become constants with opposite sign,
E(t)|T→∞ = αT˙ (t)|T→∞ =
{
α√
1+α2
, (I)
− α√
1+α2
, (II)
. (3.51)
These relations in tachyon vacuum (V → 0) reproduce the well-known expression [29, 26],
1− T˙ 2 − E2 → 0. (3.52)
This result leads to an intriguing observation. As we have discussed in subsection 3.2, the
system gives a static configuration in the limit α → ∞. At initial time the electric field
is equal to zero in Eq. (3.41). As time evolves to infinity (t/α → ∞), the electric field
becomes critical and T˙ is suppressed to zero,
|E(t)| → 1, |T˙ (t)| → 0. (3.53)
As we have seen in Eq. (3.50), the energy density is composed of three parts, such
as string flux density (Π2), tachyon matter density (ΠT ), and tachyon potential energy.
As time evolves, the contributions from Π2 and ΠT increase, while the contribution from
the tachyon potential decreases. Finally the unstable D-brane disappears at the tachyon
vacuum (V → 0). The resultant energy density in the tachyon vacuum is composed of
two parts [25, 26],
H2 = Π22 +Π2T , (3.54)
where
Π2(t, x)|T→∞ = αΠT (t, x)|T→∞ =


αγ√
1+α2
sec2
(
αxI√
2
√
1+α2
− pi
2
)
, (I)
− αγ√
1+α2
sec2
(
αxII√
2
√
1+α2
+ pi
2
)
, (II)
. (3.55)
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4 Conclusion
We have investigated the spatially inhomogeneous decay of an unstable D-brane in DBI-
type effective action. We found an exact solution under an exponentially decreasing
tachyon potential. The resulting solution involves the periodic inaccessible region along
the inhomogeneous direction, while the behavior in time direction is well-defined. The
solution is governed by two parameters, γ and α. γ adjusts the distribution of energy
density, and α is an interpolating parameter between the homogeneous rolling tachyon
and the static solution.
It is well-known that the inhomogeneous rolling tachyon with a runaway type tachyon
potential forms caustics with multi-valued regions beyond a finite critical time. After the
critical time the unstable system may not be described by DBI-type tachyon effective
action. However, as we have seen in section 3, it was possible to describe the late time
behaviors of an unstable D-brane in the interesting regions due to the nontrivial roles
of the spacetime dependent electromagnetic fields. Therefore our solution may open a
possibility to find the caustic free tachyon field solution in a specific setting with spacetime
dependent electromagnetic fields in tachyon effective field theory.
As time evolves, all physical quantities are well defined and go to tachyon vacuum
(V = 0) without developing further singularities in the interesting regions. Electric flux
density, which is proportional to the tachyon matter density with a constant ratio α,
increase in magnitude, but have the opposite signs in the region (I) and (II). They finally
reach to space dependent finite configurations. As a result, the energy stored in the
unstable D-brane at the initial stage is converted to that of the string fluid and the
tachyon matter. Since two interesting regions in one cycle (See Fig.1 (b)) go to the
different vacua (T → ∞ and T → −∞) in t → ∞ limit, inaccessible region between
them contains a topological kink which seems to be interpreted as D(p − 1)D¯(p − 1) or
D(p− 1)F1D¯(p− 1)F1 .
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Appendix: Derivation of E = E(t) and B = B(x)
In this appendix we present detailed derivation of E(t) and B(x). From the Eqs. (2.16),
(2.17), and (2.19), we obtain
E2 = 1− T˙ 2 − RT¨ +Rf 2 ρ(x),
B2 = − (1 + T ′2 +RT ′′)+Rg2 σ(t), (A.1)
where
ρ(x) ≡ T
′′
g2
, σ(t) ≡ T¨
f 2
. (A.2)
Differentiations of the two equations in Eq. (A.1) with respect to x and t yield
2EE ′ = Rf 2 ρ′(x),
2BB˙ = Rg2 σ˙(t). (A.3)
Product of the two equations in Eq. (A.3) gives
E ′2 = B˙2 = −f
3g3
4f˙ g′
ρ′σ˙, (A.4)
where we used the Eqs. (2.12), (2.21), and Bianchi identity for the gauge field strength,
E ′ = B˙. (A.5)
The relations in Eqs. (A.3) and (A.4) imply that E, B, E ′, and B˙ are separable functions
of t and x. The separable properties for the electromagnetic fields, E and B, in Eq. (A.1)
impose on the conditions for the functions, f(t) and g(x),
1− T˙ 2 −RT¨ = cf 2,
1 + T ′2 +RT ′′ = dg2, (A.6)
where c and d are arbitrary constants. Insertion of the relations (A.6) into the Eq. (A.1)
produces
E2B2 = f 2g2(c+Rρ(x))(−d +Rσ(t)) = R
4f˙ 2g′2
f 2g2
= T˙ 2T ′2. (A.7)
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The Eq. (A.7) is separated into two parts,
RT¨ =
T˙ 2
ζ
+ df 2,
RT ′′ = ζT ′2 − cg2, (A.8)
where ζ is an arbitrary positive constant. The relations between Eqs. (A.6) and (A.8)
give (
1 +
1
ζ
)
T˙ 2 + (c+ d)f 2 − 1 = 0,
(1 + ζ)T ′2 − (c+ d)g2 + 1 = 0. (A.9)
Differentiating the relations in Eq. (A.9), we find
σ(t) =
T¨
f 2
=
ζ(c+ d)
R(1 + ζ)
= constant,
ρ(x) =
T ′′
g2
= − c+ d
R(1 + ζ)
= constant. (A.10)
Using the Eqs. (A.1) and (A.10), we finally obtain
E = E(t), B = B(x). (A.11)
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